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Figure 1: The performance characteristics of cone traversal change with the cone’s size. We visualize the count of internal nodes visited
while traversing a BVH with cones of varying aperture as heatmaps (log scale). With thin cones, costs are split between traversal and
primitive intersection, but as the cone aperture grows the traversal is dominated by traversing very many internal nodes. Appearance of
rings in the heatmaps is attributed to a heuristic we introduce to fast track traversal when a cone contains an entire subtree of a BVH
described in Section 4.2. Clockwise from top left scenes are kitchen, staircase and sponza.

Abstract

In this work, we discuss elliptical cone traversal in scenes that employ typical triangular meshes. We derive accurate and
numerically-stable intersection tests for an elliptical conic frustum with an AABB, plane, edge and a triangle, and analyze the
performance of elliptical cone tracing when using different acceleration data structures: SAH-based K-d trees, BVHs as well
as a modern 8-wide BVH variant adapted for cone tracing, and compare with ray tracing. In addition, several cone traversal
algorithms are analyzed, and we develop novel heuristics and optimizations that give better performance than previous traversal
approaches. The results highlight the difference in performance characteristics between rays and cones, and serve to guide the
design of acceleration data structures for applications that employ cone tracing.

CCS Concepts
» Computing methodologies — Ray tracing;

1. Introduction

Varieties of cone tracing have been used in computer graph-
ics for several purposes, for example, global illumination
[DBK10, HHK*07], soft shadows [ORMO7], acoustics simula-
tions [SRK*09], and furry object rendering [QCH*14]. By pro-
viding well-defined non-singular intersection regions, cones al-
low high-quality anti-aliasing for texture filtering. Cone tracing
has also been proposed for wave-optical rendering and RF simula-
tions [SRB*24]. Because cones are inherently able to sample zero-
measure features like Dirac delta interactions—e.g., caustics in a
unidirectional path tracer or edges for UTD in RF simulations—
they provide a more general sampling primitive than rays.

Our motivating application for this work is wave-optical render-

© 2025 The Author(s). Computer Graphics Forum published by Eurographics - The European Asso-
ciation for Computer Graphics and John Wiley & Sons Ltd.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial
License, which permits use, distribution and reproduction in any medium, provided the original work
is properly cited and is not used for commercial purposes.

ing [SP25] where elliptical cones are used as envelopes for wave-
optical beams. However, the discussion in this work is kept as gen-
eral as possible. Contributions in this work are not limited to ellip-
tical cone-tracing but also apply to circular cone-tracing. Our con-
tributions may be useful to a variety of cone-tracing applications
such as applications described in [QCH* 14, HHK*07, DBK10].

The performance characteristics of a cone tracing workload dif-
fer from its ray counterpart (demonstrated in Table 1, Table 2). The
costs of intersecting primitives and traversing the internal nodes of
an acceleration data structure are considerably different between
the workloads. Furthermore, these costs, and their ratio—which is
important for SAH-based acceleration data structures—are affected
by the cone’s shape. This means that acceleration data structures
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constructed for ray tracing, and ray-tracing focused traversal ap-
proaches, are not necessarily optimal for cone tracing: for exam-
ple, structures that produce a tighter bounding box fit, like bound-
ing volume hierarchies (BVHs), tend to perform considerably bet-
ter for cone tracing. Furthermore, we also show that some traversal
heuristics that are deemed too costly for ray tracing are beneficial
for cone tracing.

Several practical challenges and questions in designing high-
performance cone tracing algorithms remain insufficiently ad-
dressed: First, to our knowledge, no intersection tests for ellipti-
cal cones that compute accurate intersection range (nearest and far-
thest) or intersection points have been published. Boolean tests are
insufficient for several applications, where the distance to the inter-
section and intersection points are needed (for example, sampling
edges for UTD for acoustics or RF simulations). Second, analy-
sis of acceleration data structures performance has been limited to
simplified cases, e.g., ignoring cone—triangle intersections [ WK20],
however this ignores the important performance characteristics of
different acceleration data structures and traversal heuristics. In
addition, modern high-performance BVH implementations often
have a higher branching factor—admitting multiple children per
node—enabling substantially greater performance through vector-
ization [FLP*17]. Such wide BVHs have not been adapted to cone
tracing.

Our motivation is robust, accurate cone tracing, with arbitrary
triangular meshes, including a mix of very small and very large
triangles—which may become numerically challenging for cone—
primitive intersection tests. The contributions in this paper are:

(a) We derive intersection tests for elliptic conic frusta with AABBs,
edges, planes and triangles. Our definition of an elliptic conic
frustum (see Section 3) and the intersection tests are designed
to remain numerically stable for cones of arbitrary opening half-
angles, including very narrow and degenerate cones, which arise
in practical applications. In fact, our definition generalizes both
elliptical and cylindrical frusta as well as rays.

(b) We analyze the performance of cone tracing with a SAH-based
K-d tree and BVH, and analyze a few BVH traversal heuristics.

(c) We adapt an 8-wide BVH for cone tracing, analyze its perfor-
mance and study a few traversal heuristics.

In this work we target 32-bit IEEE-754 floating points for their per-
formance, and focus on CPU-based workloads; targeting GPUs is
left for future work.

2. Related Work

The design of acceleration data structures for cone tracing, and per-
formance analysis of these data structures under cone tracing work-
loads has received much less attention. Previous work in this area
performed such analysis in simplified settings: where leaf traversal
is ignored [WK20]; or only K-d trees are considered [ORMO7].

Cone-triangle, cone—edge and cone-box intersection tests have
been developed for various applications [Hel97, SW10,Ebeb,Ebea].
However, those tests were not designed for the more general case of
conic frusta, which are more challenging and they are not numer-
ically stable for small cone opening half-angles or the degenerate
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Figure 2: An elliptic conic frustum (illustrated in green)
parametrized by origin-e, directrix 4 (i.e., its mean direction of
propagation), initial major axis length xo, and near and far clip
planes znear and Zfar- The cone’s local frame is defined such that
x;y align with the major and minor axes of the elliptical cross sec-
tion, +z aligns withd, and the origin is at-e.

case of an elliptical frustum. Further, all are simpler Boolean tests
that determine whether an intersection has occurred, but they do
not return further information about the geometry of the intersected
area. All the above requirements are needed for some applications.

Bounding volume hierarchies (BVHs) with a branching factor
higher than 2 [WBBOS] are often used today. Such wide BVHs en-
able fast vectorized traversal [FLP*17], and optionally make use
of compressed nodes [YKL17, BWWA18] for further acceleration.
Previous work in this area has focused on ray traversal; we extend
such wide BVHs to cone tracing.

Cone tracing was also discussed as a more general rendering ap-
proach [Amag84], for example for anti-aliasing. Ray cones methods
are used to estimate the filtering footprint, e.g., for texture filtering
or selecting shading level-of-detail [AMCB*21,BCAM21].

3. An Elliptic Conic Frustum

We define and parametrize an elliptic conic frustum as follows: Let
0 denote its base center point, xg > 0 its initial major axis length
(major axis length at the base ellipse), d denotes the cone directrix,
i.e. direction of propagation, a > 0 is the half-angle of the cone, and
€ € [0;1) is the elliptical cone’s eccentricity, with € = 0 parameter-
izing an isotropic cone and € = 1 a degenerate flat conic frustum,
where the minor axis length is always zero. For convenience we
also define the ratio between the major and minor axis lengths as

_ major __ 1

e= — = —
minor /1 — €2

We choose this parameterization because it allows working with
elliptical conic frusta with very small half-angles a in a numerically
stable manner. This includes the degenerate cases where a =0 (i.e.,
the cone apex is at 0o). Our definition of an elliptic conic frustum
then generalizes elliptical and cylindrical frusta (a = 0), as well
as rays (a = xo = 0), both of which do arise in practice in many
applications. All of our intersection tests are designed to work with
these degenerate cases and remain stable for tiny or vanishing a.

6]

It is often useful to restrict the half-frustum above to a proper
frustum via a pair of cutting planes at znear > 0 and zg,r > 0, termed
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the near and far clip planes, respectively (defined in the cone’s lo-
cal frame, such that z = 0 is the origin-e). See Fig. 2 for an illus-
tration. For example, ® can be understood as the cone’s sourcing
point (e.g., a point on a light source), znin is then chosen to avoid
a self intersection with the source, and zg,, is the (potentially infi-
nite) search distance. Finally, a point [x;y;z], given in local frame,
is defined to be inside the elliptical cone if and only if:

2+ ezy2 < (ztana+ x())2 and

ze [Znear;Zfar] : (2)

We often work in the cone’s local frame, defined such that the
x;y;z axes align with the elliptical cone’s major axis, minor axis
and directrix d, respectively, and the origin is at-e.

3.1. Intersection Tests

We now introduce our intersection tests. These tests compute the
closest and farthest intersection points, if intersection occurs. In-
tersection distance is defined as the z distance from-e to the point
where the cone’s flat cross section intersects the primitive, i.e. the
distance projected upon the directiond, and not the radial distance.
All intersection tests take a user-supplied range parameter ("rng"
in the pseudo-code listings) that clips the cone to z € [Znear; Zfar)> S
described above.

For brevity the code listings are kept concise; in practice, we
use additional early rejection/acceptance queries in some of these
tests, which are omitted in paper, please check the accompanying
released C++ code. At times, simplified Boolean tests that avoid
computing the intersection points are also useful, and can be con-
siderably faster. We provide such Boolean versions of our tests in
our accompanying code.

3.1.1. Elliptical Cone-Plane Intersection

The intersection test with a plane returns the intersection dis-
tance range over which intersection occurs, as well as the closest
and farthest intersection points (the farthest may be at infinity).

Let a plane be parameterized by its normal n and distance from
origin d, yielding the plane equationp -n = d. Assume thatn;d are
given in (or are transformed to) the cone’s local frame. Letp be a
point on the cone’s envelope (where the equality in Eq. (2) holds):

(ztana +xp) cos j
P= é(ztana+x0) sinj | ; 3)
z

where J is an angle on the xy cross-sectional plane. Plugging the
above into the plane equation and solving for z yields:

cosj
d—xpm-u . LT
—*; with u= lst @)
tanam-au+n; ¢ 0

We are interested in pointsp where z is an extremum, therefore we

solve for g—j = 0, which yields

1 -
up, =+ Lny| )

n% + e_zn% 0
Corresponding zj:» are calculated using Eq. (4).
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def isect_cone_plane(cone, i, d, rng):

1
2 transform i, 4 to local cone frame
3
4 # cross sectional intersection position

— 1 L1
5 N = ———— Ny, 5N ,0]

n'%+e_2n% [ ety
6 if isNaN(u): u=0
7
8 Zapex — 1
v ; _ X

9 if x>0 and a>0: zypex = e

11 # intersection candidates
12 212 = (d xom w)=( tanan w+n;)

13 iT 21 zgpex Or isNaN(z)): z1=1

14 iIT 20 Zgpex OF ISNaN(z): =1

15 Pip = (zl;ztana+x0)'t1+zl;22

16

17 if 21=>22:

18 swap(zi;z2)

19 swap(pi;p2)

20

21 # clamp intersection points to rng

22 if z; <rng.near:

23 z1 = rng.near

24 Pp1 = compute arbitrary point on plane
1 (fi;d) at z=7z Iinside the cone

25 # (similarly clamp z;p> to z=rng.far)

26

27 return { .range=Range(z;;z;), -nearest=p,,

.1 _farthest=p, }

Listing 1: Elliptical cone—plane intersection test.

When n? + e_2n§ is tiny or vanishing, care should be taken to

avoid NaNs in uj:: in this case we may set uy:» to an arbitrary
value as the plane is effectively perpendicular to d and intersects
the elliptical cone at a constant z. This is stable: in these cases %
dominates in Eq. (4), and this is indeed the distance to the (almost)
perpendicular plane. No intersection occurs when z is 200 or when
z is NaN (meaning the plane straddles the cone envelope, but no
plane point is strictly inside the cone).

Using the computed u: and zj:3, we may compute the candi-
date intersection points pi:2. We classify the points, compute the
intersection range, and clamp the points to rng, depending on the
type of conic section that arises on intersection. See Listing 1.

3.1.2. Elliptical Cone-Edge Intersection

The intersection of an elliptical cone and an edge (i.e., a line
segment) returns the closest and farthest intersection points, if any.
Let the edge be parameterized by two points a;b (assumed to be
transformed to the cone’s local frame), and we define1 =D —-a.
Then, the equation

(ax +11,)* + & (ay +11,)* = [(a; + 1) tana+xp)*  (6)

defines a quadratic equation in ¢ for the intersection points, and it
is easy to solve for #1:5. We use compensated sums to compute the
quadratic coefficients and numerically stable expressions for the
quadratic roots.

To clamp the intersections to the conic frustum’s clip planes, note
that if the line-a + 71 intersects the cone at 2 points, then valid in-
tersection points with the clip planes may only happen between the
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def isect_cone_edge(cone, a, b, rng):

1

2 transform a, b to local cone frame
3 1 =Db-a

4 Zapex = 1

5 if x>0 and a>0: zpex =

6

7 tin = roots of

o (ay+th)? + e (ay + 1) = [(a +tl;) tana+xo)?,
.1 otherwise 1

9 # discard candidates 7., behind cone

10 if g, +nl,<zpex: 11 = 1

11 if a;+0l; zapex: b = A4

12 it nl,>nl: swap(@;n)

13

14 # clamp to rng

15 if a,+nl,<rng.near or a;+rl,>rng.far or
=4

16 return ;

17 iT rng.near>zpex and a;+1l; <rng.near:

18 t; = intersect a+t with z=rng.near

19 if a,+nl,>rng.far:

20 tp = intersect a+it with z=rng.far

21

22 P12 =a+nsl if 11, 2][0;1], otherwise 1

23 it (P1):> @) swap(pi;p2)

24 return { .range=Range((p:);;(p2);), -nearest=p;,

.1 _farthest=p; }

Listing 2: Elliptical cone—edge intersection test.

2 line intersections with the cone. If the line intersects the cone
at a single point (implying that second point is at +o00), then the
edge might intersect the clip planes only after this point. This is
expressed succinctly in Listing 2. This test is trivially extended to
a line as well.

3.1.3. Elliptical Cone-~AABB Intersection

This intersection test is used for acceleration data structure
traversal, and returns the intersection distance range over which the
elliptical cone intersects the AABB. Either the closest or farthest in-
tersection point must be one of: an AABB vertex; the intersection
of the elliptical conic frustum with an AABB’s edge; or the inter-
section of the elliptical conic frustum with a face. See Listing 3 for
a pseudocode.

A few optimizations are made: An early rejection can be made if
the projected distances of all AABB vertices do not overlap the
conic frustum (line 10 in Listing 3). If the closest and farthest
AABB vertices are contained in the conic frustum, then we may
skip the edge and face tests (lines 16-18). Edges whose vertices
are both inside the cone do not need to be tested (line 22). Test-
ing if a cone—plane intersection point is contained in the AABB is
done by transforming the point back to world space, and check-
ing if its coordinates that are orthogonal to the face’s normal are
in the AABB (this is done as we do not need to check the coor-
dinate along the normal and keeps the test stable). We also AVX?2
vectorize the transformation and cone—vertex tests (lines 2-18). We
found that manual vectorization yields a significant performance
improvement compared with the compiler generated code (gcc 14).

For many of our results, we only need a simpler Boolean cone—
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1| def isect_cone_aabb(cone, aabb, rng):

2 transform aabb to local cone frame

3

4 V = aabb.verts # AABB vertices

5 # AABB vertices that are inside the cone

6 C = {v2cone jv2V}

7

8 possible = rng \ Range(min,2yv,, max,2yv;)

9 # fast reject

10 if possible = ;: return ;

11

12 ret = Range(U,ocv;) # range that contains

.1 the points v,
13 if o 2 aabb:
14 ret [= Range(0,0) # add origin to the
1 range

15 # fast accept

16 it ((argmin,yv,) 2 cone or o 2 aabb)

17 and (argmax,,,v;) 2 cone:

18 return ret

19

20 # test AABB edges

21 for (a;b) in aabb.edges:

22 ifa2C or b&C

23 ret [= Range(isect_cone_edge(cone,
1 a, b))

24

25 # test AABB faces

26 for face in aabb.faces:

27 pintr = isect_cone_plane(cone, face,

2 rng)

28 if pintr._nearest2face:

29 ret.add(pintr.nearest)

30 if pintr.farthest2face:

31 ret_add(pintr.farthest)

32

33 return ret \ possible

Listing 3: Elliptical cone—AABB intersection test.

AABB intersection test for traversal. We make the Boolean test
available in our released code. To accelerate the Boolean test, a
conservative approximation is made: the expensive cone—face tests
can be avoided by growing the tested range by the AABB’s extent
projected upon the cone directrix. Care needs to be taken to avoid
growing the range past the cone’s apex point. Although this approx-
imation sometimes indicates that there is an intersection when the
exact test does not, we show in Section 4.1 that for BVH traversal,
the benefits from more efficient Boolean tests outweighs the slight
increase in node traversal from the approximation. Other minor op-
timizations are also made for the simplified Boolean test, see our
accompanying code.

3.1.4. Elliptical Cone-Triangle Intersection

This intersection test returns the closest and farthest intersection
points, if any, and is summarized in Listing 4. Several cases—
illustrated in Fig. 3—are considered in order such that the cheaper
cases are evaluated first:

1. Case 1: the triangle’s nearest or farthest vertex is inside the el-
liptical conic frustum.

2. Case 2: the triangle contains the nearest or farthest cone—plane
intersection point. This intersection point can be on the cone’s
cross section (case 2a) or a clip plane (case 2b).
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